3‘ l — Solving Quadratic Equations by Factoring /(22

A function of degree 2 (meaning the highest exponent on the variable is 2}, is called a
Quadratic Function.

Quadratic functions are written as, for example, f(x) = x2 —x— 6 OR y = x* —x — 6.
f{x) is ‘f of ¥ and means that the y value is dependent upon the value of x. Once you have an
x value ard you substitute it into the function, the value of f{x} will result. £x) is really just a
Type equation here.another way of writing y, and is used when the graph is a function (passes
the vertical line test):

X £
When a quadratic function is graphed, a parabola results. 3
Example 1: y = x? A
N x ey
ld; (-—3) = 1 3
: 7

Y= (-2 = ¥ 2
y=En*=1

)

U,—_o’-:o 1
2

@1‘34 3

A very important feature of the parabola that results from a quadratic function is where it
touches or crosses the x-axis. These are the x-intercepts of the parabola.

How many x-intercepts can a parabola have? Draw all possibilities:

Two ONE NONE

- { -' ', a
What is the y value at an x-intercept? =0 a+ an ‘)(*M‘{T

Therefore, to find the x-intercepts of a parabola, we can set y = 0 (or f{x) = 0) and solve the
resulting quadratic equation.

When y is set to 0, we call the question a quadratic equation instead of a quadratic function.
Quadratic function: f(x)=x*—x—-6 OR y=x*-x—6
Quadratic equation: x*-x—-6=0

The x-intercepts of the parabola are the zeros of the quadratic function. They are also called
the solutions or roots of the quadratic equation.

Therefore, how many zeros can there be for a quadratic function? O) \) of
How many roots or solutions can there be for a quadratic equation?
y 9 4 O, 1,002

One method to find the zeros of a quadratic function is to graph it and visually determine the
x-intercepts.



You can often find the roots of a quadratic equation by factoring when in general form

ax® +bx + ¢ = 0. Remember, the roots or solutions of the quadratic equation correspond
to the zeros of the quadratic function, and the x-intercepts of the parabola.

ifa=1 Example 2 - Solve and check x% +3x = =2

To 'solve’ a quadratic equation means to find the roots or solutions. Steps are as follows:

1) Get everything to one side so that only zero is on the other.

2) Identify g, b, and c values, and factor accordingly into binomials.

3) The roots are the x-values that will make the product of the binomials zero. if either
of the binomials equal zero, then the product of the binomials will equal zero {thisis
called the Zero Factor Property). Therefore, identify the x values that make each

binomial equal to zero. (£ o thar biicked

Solve and check x? +3x = -2 eétmls O, Hu €qn é‘(wJS O
‘ FL MW (x+ )= 0O
O *+3x+2=0 X2, +3 (2 YO
) kes ~1 makey Hus
@ a=),b=3,¢=2 i @ Hus rr;cLei- ""Z:;!g’r-
Find Hwo nw\Lvs Haf (x+ 2) (5+1) =0 2erp
Mu‘hﬂj s ‘ cuu:‘ WM +’ b X= —2 ) ._‘
Check: 2 _:__L_ Sketch the Graph:
A%+ = X +3x=-2
(D*+3(D=2 (e 3-p=-2
H+ -k =-2 i+-3 =-2
A 2 e g 2 -
Example 3: a) Solve x* — 8x — 450 8 b) Solve 2x% + 6x — 108 =0
.81. 1f8 (@) 2(.1'2_’_31_5—1‘_):0
(1—\1) (x+4)=0 2(x+9) (x- ) =0
'_X_: ,2!~L‘. x* -q)é‘
c) Solve %xz —x—4=0 d) Solve x)_cs ) xil e xzjl—ﬁ

L(x*-22-3)=© 2 _3. 3 [pF5
XS w6+l _
Ji(-x“’l) (x+2) =0 i (2-)(x+3)=0
x(x+)-3(x-$) =30 X=% -2
X=4,-2 x*+x-3c+IS =30
x*-2x~15 =0 x=-3




ifas1

ifc=0

difference
of squares

When a #1, factor by “decomposition.” Trick for finding roots:
Example 4 —Solve 3x* = 5x +2=0 (31-—1) -0
=23 L=-S c=2 xac + b

4 ’ 5 g *x {, Y ' R?j]\-} oVver L'\e\q,

- _— '31"’2 Sw‘.l_o S\ V\'

] 2 _ = 4 ] i y

I -Bu-2x )— | s~i=0 3 -2 =0 9

Fulx=0) -2(x-D=C | =) =2 | A%
(x-N(3x-2)=0 |\ ~— 1\ 7%

Example 5 ~a) Solve 3(x* —2)=~7x ' b) Solve 2x?(3x + 2) — 5x(3x + 2) = —2(3x + 2)
3-6=~Tx 272(3x+2) ~5x(3x+2) + 2 (3x42) =0
3x*+Tx~L=0 (31+1)(2x’—§x+2_) =0
3 +9x-2x-b=0 (31*)_)_(_2x1~"l7t"x'+2) _:‘3

3 (x3+3)-2(x4+3)=0 (3x+2)| 22 be-2) - (x-2)] =©
(x+3)(3x-2) <o (3242) (-2 (%=1 =0

%* Thes is o Gabic

(53 10 %, 0% e
have 3 roots |
Example 6 - Solve 3x? = —5x
3x*+¥Sx =0
1(31+ §)=0
s=u -5
a=0, E
Example 7 —a) Solve x> —25=0 b) Solve 8p? — 18 =0 c)Solve 49 —4x2 =0
(x+3) (x-§) = © 2(4p?-9) =0 (7+22)(7-2x)=0
x=*5 2(2p+3) (29320 canwerick’as
X ferm i Sewnd
-t3 positron
PT~Z | A
T+2x=0 7-2x=c
x==1  1=2%
= ; 7.;:%

Example 8 - a) Write a quadratic equation with roots 6 and -1. b)% and — =

® (x-6)c+1) =0 B (3x-2)(zx+ D=0

X5 x—b=0 Cx2-y -2 =0



3 . g A - Solving Quadratic Equations by Completing the Square

sguare
root
property

When there is no bx term in a quadratic equation, first look to see if it is a difference of
squares (is each term a perfect square, and is there a subtraction sign in between?). If it is
not a difference of squares, it can be solved by the square root property.

The general form of a quadratic equation that you could solve using the square root
~ methodisax?+c=0.

Example 1 —Solve 93* —21=0

1) Get everything that isn’t squared to one side.

2) Square root both sides.

3) Consider both the positive and negative square roots.

4) Simplify any radical solutions as much as possible in exact form.

O 9y -21=0 @y J"

A= 2|
—-&_.._2] H:ig-l—

Example 2 - Solve: a) 2x% — 11 = 87 b) 50y% = 72 c) (x+3)Y =16

x"=18 ) 59:.3‘ =12 ©J( x*e)‘ Fe
Z v~ SO e

2

1‘,1: ‘fﬁ . 3 | T
= 2 H AY x+3'—'—‘+ x+3=-4
3 _* - [ |
i Jyz =% x=\  x=7]
x=2 -+ P
H 2%
= &
Y=t &
d)3x2-8=0 e) (x—1)2=121
o = i 2 _ +
38z @Ioy- M
=g 313 1| = t2J3
3
= o +
o3 x= t2alk x= 2203+
\‘.I 3 3 or
= 4 G -1 £203




completing
the square
whena=1

Sometimes factoring quadratic equations (6.1) is not possible, as you cannot find the two
numbers that multiply to ¢ (or ac) and add to b. When this is the case, you can still solve the

quadratic equation by a method called completing the square.

Example 3 - Solve x? — 24 = —10x by completing the square. This example can easily be
solved by factoring, but we will use it to introduce how to complete the square.

1) Get c to one side of the equation.
2) If the avalue is 1, find the b value, halve it, and square it.
3) Add the number from step 2 to BOTH sides of the equation.
4) Factor the trinomial on the left (we created a perfect square trinomial, so it will lead to 2
brackets that are exactly the same).
5) Solve using the square root property.

x?—24=—10x
0O 2?+i0x=24
@i-=103 5325
B XP+10x+25=24+28
B (x+5)*=49

® [Coor =49

Yt+5= T
AES=TT
x=2

xX*S=-7
xX=-12

Example 4 — Solve by completing the square. Express the solutions in exact form.

a) wr—4w—-11=0

w2-4w = Il
b=-4% 5 -2

Wbt 4 = 11

(w-2)* =%
w..—l:- i'J—l—E

w= 2 H]Is

Y-

b) x2+5x+7=0

r*+Sx=-]

(’umwf ':‘“_- vool

f'lj“

_t,,'c!g , *Hv!»'(»‘.'ﬁ’ rt

1o Solutrors

(e p

ne

ard ho }"'“‘5

)4 ~1ln‘h‘>

cjm?-5m+3=0

m2-Sm=-3
-<
b= %, T’Z’E
nso -
‘TF Lf. J}q,
2_ (3
@””g) o
o
m —-2"'--\[—1’.
=+ J13
m-< =2
Y
m= +/13 +S—_
3. *
m—S'i'fl_B-



3 ,g\ B - Solving Quadratic Equations by Completing the Square Part 2

completing
the square
whena # 1

Example 1 - Solve 2x* —~5x —1=0 by completing the square

1) Getc to one side of the equation. ]
2) Factor the a value out of the left side. .

THEN find the b value, halve it, and square it.
4) Add the number from step 3 to BOTH sides of the equation.
5) Factor the resulting trinomiai on the left.
6) Solve using the square root principle and answer in exact form.

ifa # 1, there are a few more considerations when completing the square.

3) Divide both sides by the o value to leave x* + bx on the left side of the equation.

)
2x? - 5x~1=0 @ 22,5‘ 415 1+3_Z
a2 -
0 225x (yosyen 3
@ 2(x*-5») =) * /6 5 = grfi
) 5 = 33
O -sx-41 Uz i—’f-:—
It
4 ¥
Example 2 — Solve by completing the square. Answer b to the nearest hundredth. An easy
a) 3x% — 2 = —4x b) ~2x2 —3x+7=0 e
fracti
3x*s x =2 7=2x7+3x
2 1+3x 3 double
' < x = the
3()"2*'% )') 2 L2, 3 denom-
2(1 +i‘:l) =7 inator.
-y Y.y = S
= r _“t:?..; : N . 3 ’
b=%5¢°5%19 b33 %5 %
* g
x3 2,13 +ﬁ—'-"..-7-1'j'
vrixirde 5y X 3y )6
A3 ;
’ - 5 /6
(x’ +§) q . ._3_4; J‘ZS'
Jio _ca.vlE XTI =TT
x+%’ig-/s,—q - X7 = Tie t
' xX= 240 |
i 3 3 m it



word
problems

Example 3 — Solve by completing the square: 3x% + 6x — 1 =0
2x*+bA = | 24>+ 203
NS E
3(x*+22)=1
"3‘ 3
= 3 x+l= 2203
7C1+2‘7C e 3 -1\ 3
L;2“¢)151 Xzfjﬁ_'S
2 3
Petuert =L
xX= -2 iZJ—__%
2_ 4 >
()5'”) =" 3
x+]=1* _1§

Example 4 - Butchart Gardens wants to build a pathway around its rose garden. The rose
garden is currently 30m x 20m. The pathway will be built by extending each side by an
equal amount. If the area of the garden and path together is 1.173 times larger than the
area of just the rose garden, how wide will the new path be (to the nearest tenth)?

!

A 5ﬂ,rdm+’ =
p yath

lmj}k c t}mﬁ!ed il fk% 30+ 2
it of qan{u rJ’L 210 + 2+

(30+22)(20+22) = 103.%
Lo0 4 bOx+ 0 +ixt =703 8
Yy 4 |00y +L0O= ToB8

(t)od)(l.wz) =038 m"

Ux*+Ip0x= 103 .8

4+ =023

H

X*+251 =215 4§
=25 128 5 18625

225+ 156,25 = 2895 +156:88
(x+128)* = 1¥2.2
x412.5= 2135

x= 1.0 x/l.b

YLJeL‘"
The new puH't will
l)e [.Om Wll(le.



3 ) 3 — The Quadratic Formula

discriminant

guadratic
formula

Adiscriminant 2 b%-Yac

Quadratic equations can be solved by graphing, factoring (6.1), the square root
property (6.2) and/or completing the square (6.2). Each of these methods have
advantages and limitations.

Any quadratic equation can be solved using something called the quadratic formula. \f
the quadratic equation s in standard form (ax? + bx + ¢ = 0), the quadratic formula
is:

—b ++Vb?% - 4ac
x =
2a

Example 1 - Solve 3x2 + 5x — 2 = 0 using the quadratic formula

a=3 L=§¢=-2 =
8 x=% =41
x-S t[5*-4B) | 2= -S4 ¢ 3
= -7
X '@ * % X< 2,3

4

There could be 0, 1, or 2 resulting roots, depending on the discriminant, the
expression under the square root (b% — 4ac). Solutions can be written in simplest
radical form, or decimal form.

How would the discriminant determine the nature of the roots (the number of roots)?

if b? — 4ac > 0, ‘”\ert are 2 )f.—"\n*u‘wp‘\'f-

If b2 — 4ac = 0, there is i x*mkrtqﬂ’

11b% ~ 4ac < 0, Yhare ae o -inbezepts (Lamet spuace wof s
n umLcr)

Example 2 — Determine the nature of the rcots, and then solve 3x% + 2x —4 = (0

x:—ztm> A=3 b=2 ¢=-4

using the quadratic formula

22 -k(3)(-) 2l 222l
=47k A
S TP wm

DllS(.A‘\M>OJSD lroo’\'S 3

A=



derivation

b?-Yac

=(~3)*- 4 (0.26) ()

:q —~9 .
= D So 1 Y°°+

-

a)x?=2x+1
X3~2x-1=0O
a=1, b=-2,c=-|

e —LHJb*-Hac
| 24
=234

Derive the quadratic formula:
axt+bx+c=0
0OF+ b= -C

“fn
R R LT
Ll at T e Ha2 +‘-v‘«’

Example 3 — Determine the nature of the roots for%x2 —3x4+9=0

=025 b=-2c=9

Example 4 - Solve using the quadratic formula. Leave answers in exact form.

x? 5 -3 1 2. 5. 3.0
7* éz‘f'z

=1 L:‘S— C:%

No So lutiong

é(,‘f'-b- 2 _ b*Hac

Aa ba2

L:+W
T2 7

x +b o+ b*Yac

An e

200

- = + ./b’—imc _b
24 Le

x

_ —b+ [pYac
= ~b¥lb*lac

Ao



3 35 — Applications of Quadratic Equations

Example 1 - The area of a regulation Ping Pong table is 45t2. The length is 4ft more than the
width. What are the dimensions of the table?

HS = w4 lhw W+l
Wowrehwoisso . 5
w+Y (W+4)(w—§> =C | The dinensions are
=X 5 A x 54t
A = W(W‘* ) wmjed-J ‘
Lf§:W(W+L}) W=5 :
Example .2 —The sum of a number and twice its reciprocal is > Find the number.
Let x = Hhe number Check 1=
‘ 25> -9x+i}= 0O 412093
X+ 2 .L> = ﬂ. . ‘1 + .;._ =9
x 2 2C-¥x-utYy=o0 S
L+l =9 llz;éu_ 2x(x-4) -1 [x-y)=o Checkx=4
x 2 y
x-4)(2x-) =0 Ly2(3\ -1
;vﬂ A2 4 ) be-®) N 17 ) z
e | =4, 3 sdh=2
x =z e
Ix*+ 4= 92 The number can be Y4 or-;:.

Example 3 — A 20cm by 60cm painting has a frame surrounding it. If the frame is the same width
all around, and the total area of the frame is 516cm?2, how wide is the frame?

B+ 1b0e-SIb =0

(x> +hox —129) =O

B3, -3

I (x+43)(x-3) =0

Atcu\"\t\b = (ZX)) (b-’) = | 200em*

= - 2
l\&w: Clb pé ,
16 & = 3¢
Aml =200+ S1b= 716 am? )4 o
| The frame is
(boi20(20+2) = 17'¢ B wide.

200+ [b0xt 4> 71716



Example 4 — Sally biked from Mt. Dougias to Stelly’s, a distance of 25km, on two consecutive
days. On Day 1, she rode 3km/h faster so her ride took 20 minutes less. Calculate her speed on

both days and round to the nearest tenth. Let 2= >\‘J¢u{ on Duﬂ 2 /
Ak s(7)  bme (b)) —&

Da“a ‘ 1< x+ 2 %‘?—3 2om = —31, he
Do\.:) 3 a2x 2% 25
3 \3‘ L‘i"“ = ]
L NG L - -2+ [3%-40)(-20%)
43 3 x b{ .
g : = - .*:\I‘ Day 2 speed :13.65
7gx+'x(>c+3)=7§(1*3) X _3__.;_’3? “) \ ¥ ) (,'élgh
: . (=
TS24+ x243r= 7S+ 22V D‘LU E [ /L
1L=-3E 3018
7(2—‘*‘31_223_ = 2
a=),b=3,¢=2¢ x=—lpd 13,6

Example 5 — The cold water tap can fill a container two hours faster than the hot water tap. The
two taps together can fill the container in 80 minutes: How long does it take each tap to fill the
container on its own?

Think bade te the pallern of The %0 (x4120) + QOx= | x(x+ize)
equnf"‘ov\ for these bpe\s u-F quzs"‘-o/\s v $Ox+ oo + 801 = 241202
-Bmz & Hww o+ 7(,2—- Yox — 9boo=0
fubes fukos P
fogethes + Jogether — \ | | o
Hme for Py for (7"'”'0) (-x+8b) =
ol solo _ .
solo X = 'ZJ, V?éejec'{_’
in minubes ¢ % = 120 miawkes
§0 g0  _ | A +120 = 1204120 = 2HOmins
7‘1- 1""20 Colbl Wa-l-e( goio _I_akes \2‘0“’““ LY 2 ‘\rj
Fime for 1%4 for Mot wader solo takes ZHomis of “hes
Cold water W’L"l“:

Sala






