70 0 - Trigonometry Review

In trigonometry problems, all vertices (corners or angles) of the triangle are labeled with
capital letters. The right angle is usually labeled C. Sides are usually labeled with lower
case letters. The side opposite to <A will be labeled a and so on.
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Whenever we do trigonometry problems on a right triangle, c
we focus on a target angle. The target angle can be any of / N
the two angles that are not the right angle. // .
Using Friangle tofh rn‘ékb tagel angle could Al b c

e ZA and <

Once we have a target angle, we can name eac
the target angle. Then side a is called the

h side of the triangle. Let’s suppose A is

the other side of the triangle. Side c is always called the
because it is the longest side, and side b is called the

pbProsSiTE side because it is on
HYPoTeENUSE
ADJACENT side as it

is beside <A. If the target angle does not have an angle measurement on it, we represent

it with the greek letter theta, 0.
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Suppose B is the target angle in \ﬂ‘(’**; //
the triangle on the right. Label 4 a L
all appropriate parts. / ad jucex
A b c
i
The three trigonometric ratios for right triangles are:
SINE COSINE TANGENT
. it . dj t posite
STRID = opposite EoSi0== adjacen tan§ = oppost
hypotenuse hypotenuse el jacent
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Example 1 — Solve each to the nearest hundredth.

a) cos42° b)tan 67° = % ¢)sinf = % d) cos 35° = i
:0'_.7% 5 x = T{1un b77) G=sin'3 X = X
isui\leIS 1{2, a{b{j 15 5 = H-,;H'C‘ ) Cas 35

B=73375 x =977

O?Lf as l!l\() (PN lMV}F l\ L‘/w[“..)_\,! (,H, -\w['.",{

Aun besty ns l,‘lh) nh ‘:")




angles in
standard
position

In order to solve a right triangle, you must find the measurement of all three sides and all

three angles.

terminal side
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e
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direction. Here is an example:

Y

e
-

vertex

b) 100°
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lies: a) 60°
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initial side x

Example 2 - Solve AABC to the nearest tenth . B
L= | A= side o ‘fav\ 330> _ 3F
<{B=33" b= 7 1 ra
=9 a= ¢ =107
Lc=9¢ fon 33 .! g <ﬂ=57“1
{A= 1809033 sde ¢ sin 33 Z =10&
= ¢=555e= 1235 - C‘__'_z v
Example 3 — Sketch & solve AABC to the nearest tenth where <C—90 ¢ =95cm & b =44cm.
£, Jo find <ﬁ + ﬁncl LB | side a2 ¢
L o Cy ) . Q_ f <A :qu \
_%‘:, 7_‘: LGSA 45 lgOAQOvéz.‘f +6M é]n'f: l’lf- /< 8:27b‘ ]|
e (A s 290 s i) |\ o 8820/
p= |4 A=c24° a=g4.2 S~
B = | h=WMan
LC=90" | ¢ = 95%im \

An angle that is drawn in standard position must have its vertex at the origin of the
Cartesian plane, and its initial arm must coincide with the positive x-axis.

To draw angles in standard position, we use an initial arm (always the positive x-axis)
and a terminal arm (the final position after a rotation). The angle is labeled © {theta).
The vertex of the angle must be at the origin (0, 0) of a Cartesian plane. Positive

angles are measured in a counterclockwise

Label the four quadrants of

a Cartesian plane:
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Example 4 — Draw each angle in standard position and identify the quadrant in which it
c) 300°




7. — Angles and Their Measure

anglesin
standard
position

coterminal
angles

An angle that is drawn in standard position must have its vertex at the-origin of the

Cartesian plane, and its initial arm must coincide _
with the positi}re Xx-axis; Clockwise angles have a
negative measure:

terminal side

\,/’ '"-“1_\ T

imihal side x

\\

Example 1— Draw each angle in standard position and identify the quadrant in which it

lies: a) 225° b) -120° c) -290°
I
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Angles in standard position that have the same terminal side are coterminal.
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120
K//
" gan” o
-240
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Example 2 — Find three coterminal angles (at least one negative) for:
a) 60° b) 225°

228 +360° = §¥5°
225+ 3bo(za) = 945°

A28 -3L0° = 357

L0°+ 3607 = H20°
LO 360° 43607 = 780"
0" ~3L0° = =300"

What is a general formula to find coterminal angles?

6 +300n , N isan 'N\Jrejer



reference
angles

For each angle in standard position, there is a corresponding acute angle called the
reference angle, which is the acute angle between the terminal arm and the (nearest) x-

axis. Thus, any reference angle is between 0° and 90°

Quadrant 1 Quadrant 2 Quadrant 3 Quadrant 4
6= Br180-6  gr=0-1%0 Qg =3t0-0
‘3\.9'1 B (K Yar S
oY U CFY

Example 3 — Draw each angle in standard position, and find the reference angle,

a) 30° b) 250° c) 325° d) 100°

Q=35
=8d’
: Ce=5

£ A

Be=3CF ' ‘ek=7o° >\

Example 4 - Find the reference angle for:
a) 1450° b) -870°

450 -360(¥) = 10° -B70+360(3) = 210°
@R = 'Oo ek =3d

)

Example 5 - Find all angles, 0° < 8 < 360°, that have reference angles of 30°. Do a

sketch. )
R Find sin 8 for each with your calculator:
_?;% _ s30°=0.5
‘Iz . $in lwg =0.S
(O A - Sin 210°= -0.5

330‘7 / \\ Sin 330°2 ~0.8

‘ Find cos 8 for each with your calculator:
s 30°= 0.36¢ Cos 2|0°F —0.RLL
X IS = ~0.8L¢ Cos 338 = D.K66

What do you notice? Why are some results positive and some negative?

Betavse coprdinedes can be mjd’wz Jef;emlu\ﬁ on c‘uadran{‘.ﬁ«




As a class, let’s complete the diagram to help explain the results in Example 5:

120°
135°
150° -
"

- y
180° 1 - loe
A F L360°

Y| %

r §
210° il v o
2250 3150
A S 300°
270°

o A po'm'\ in Quadaant I is (??S,P%s)
4 s FOSEJ!:\VO/ w\d ¢oS 6

| =L \S fosi'\"\\.&,
S\O S'l(\e - ? r

sin 30°=0.Y o cos 3F= 0886
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o fo‘m* I Qumd/utjr I is (neg lpas.)

X - five
. . = = V] €4
So SMQ:.% Is Posn{\\re a:wl Cose r 13 J

@ sn|sU=0S ard  Cos 1S0°% 086
o J) peint in Quadmnil I is Cﬁxeb ‘v'\gj)

r - X oquhive
o sinD= 2 15 ng_ﬁa%uo ard ws B = ¥ e né4

-
€ sn20*= -0S5 and (os 210° = ~0.866
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7,, Q .~ The Three Trigonometric Functions

Suppose 8 is an angle in standard position. Suppose the point at the end of the
terminal arm is labeled P(x, y), at a distance r from the origin.

, Y-uxis (x, y) You can use a reference angle to determine
o the three trigonometric ratios in terms of x, y,
, andr.
Y x
sinf = A cosf@ = —— tanf = i
/ r r /&
- 8 I >
©,0) X x-axis
| initial side

Trigonometry ratios in the four quadrants:

Quadrant 2 90° < 8 < 180° Quadrant1l 0°< 6 <90°
inB= 4 sino=4
SinD= = 5ih O 2
j = "X ; /
y 8 (es© ke ces 9 b ‘zr': r:/ Y
—h % —% , ' ILMe o
v no= Y.
tan 0= 4 tuwn©= 4.
Quadrant3 180° < 6 < 270° Quadrant4 270° < 8 < 360°
sn 0= -?: sinD= T_'z_
- ~X
(0= F (s 0= F
=Y = Y Y= - O
: {N\e -x X {Zﬂ'\g - ‘3‘, N J
CAST Here is a way to remember the sign of the trigonometric ratios in each quadrant:
only 530 1 2 cuhios
et a'p ositive
S | A
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wi AT | CF peabve
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Example 1 — Identify the quadrant(s) for the angles satisfying the following
conditions:

a)sinf < 0,cos6 >0 Qua‘irahjr 1\
b)tan8 < 0,cos8 <0 auddrwml ]:

S | A
T | C

Example 2 — The point P(-5, -12) lies on the terminal arm of an angle, 6, in standard
position. Determine the exact trigonometric ratios for sin@, cos@, and tanf.

sy + (- =x"
25 + MY =g
" [69=v>
-2 veliz
-2
Sim@= 13
PC5,-13) s ©= 5
- -2 212
= T 5%

Example 3 — Suppose 6 is an angle in standard position with terminal arm in guadrant
lIl, and tanf = % Determine the exact values of sin@ and cos6.

_ < °PF
1 {an O = J§ = Sl
TS ad;
(- (-8 =r*
| + 2¢ =vr?
5 -2
R T | =¥ Qé =-r
— /
’l/f'f‘=5¢; r:m
< = —': CeSs @ = :-T--l
26 V24



Example 4 - Find sin a if tan @ = 2.135 with « in Quadrant IIi. —1

l ~{
(-1 + (-2038)* = r2
| + B.55g225=r2
A Ae=fassTe Y= 5.552225

F= 23576

Example 5 -y = —2x, x < 0 is the equation of the terminal side of an angle 8 in
standard position. Sketch the smallest positive angle 8, and determine sin 9, cos 6,
and tan 6.

doun 2.
»- j: -2% S'o‘)e s ’..2_‘: -
‘Rrij\d‘
2 KELO so lineisin Quadrant T
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i =% (N + (2 =r*
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5 E =
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703/4 — Special Angles Part 1

Suppose @ is an angle in standard position. Suppose the point at the end of the
terminal arm is labeled P{x, y), at a distance r from the origin.

) y-axis (x,y) Youcanusea reference angle to determine
o ey the three trigonometric ratios in terms of x, y,
and r.
y X

sinf = 4 cosf = — tanf = U_

r r ~ x
0 c N
©, 0) x x-axis

| initial side
A quadrantal angle is an angle in standard position whose terminal arm lies on one of

the axes. It’s easiest to suppose the terminal arm, r, has a length of 1.

Example — Find the values of sinf, cos@, and tan6 for each quadrantal angle on the
Cartesian plane.

- | ~o° | eoc | 1s0° | 270°
sin@
. O -
y [L=p L=y |B=p |D=q
e | l { 1
- _c050 - N R o
' - O _
Z -.L - | ,,L)_ = O _1_ :-l —_— = D
- | | i { \
OGN D P P
\J ' _(2 = 1 -, = E —_- = A
-;/ l O () f?,,‘_;( —i O O 1

There are two right triangles in trigonometry that are especially significant because of their
frequent occurrence.

A 45°-45°-90° triangle with legs of each 1 unit has a hypotenuse of V2.

1 o opposite adjacent opposite
Sy = — = —— anf) = ———
57 ¢ hypotenuse ° hypotenuse : adjacent
V& |
! i 5 O H C A H T 0 A
|
!
45° R _ i .
i SINgH = e COSAR" == —mm e tan45° = ————— =
\nr—i AV R |
_ i Nz
or SaHO= Y2 (s T =
‘ 2




A 30°-60°-90° triangle has legs of 1 unit and V3 units, with hypotenuse 2 units.

WJ sin30° = — l-—— - c0s30° = _\r3_ |

tan30° = ———

e § | Jz | VE
V3 sin60° = —r c0s60° = —— tan60° = —

2 2 '

The trigonometric ratios are given as exact values (in fraction/radical form as opposed to
an approximated decimal).

What is the CAST rule again? s A

T | C

Example 1 - Determine the exact values of: a) cos 135° b) sin 240° c) tan 120°

Example 2 — Evaluate sin 30°, sin 150°, sin 210°, and sin 330°.

Sin 30° = -‘2- Sin 2107 =

=1
—
s g 21
s Y
~

\
- 4 i i . e _ _
- '__/’ ' N —l Sin lS\O - 2 .SM 3300: 1'_




7.5 B — Special Angles Part 2

|

solving
for angles

Warmup 1 - Draw the 45°-45°-90°
triangle and the 30°-60°-90° triangle
below: only £0*

\po‘)li.‘w \BS

[

Warmup 2 — Quickly draw and explain
the ‘CAST’ rule:

y23 all "‘E‘hb‘

A {osf Ve

J2 B

s Bl
\ i A

On[1

f'h A

Example 1 - Find the exact value of cos 240°  pus, ke

S o’ = |
- Cos 24 %
|
0

-51]'

2

C
bnlul (233

'Qox;kvf

Steps for solving for angles given their sine, cosine, or tangent ratio:

1. Use the sign (+ or -) to determine the quadrant the solution is in.

2. Solve for the reference angle.

3. Draw a diagram and use the reference angle to find the angle in standard

position.
Example 2 — Solve for 8.

a)sin9=-——}§,0°S9 < 360° b)cos@=§,0°se<360°

Swme is neﬁadivo w Queds T and T | (oS ‘(S()osiflvc " quds Tandl W

- & +his cahieis from & ‘\_ < YNas raho 18 Lo
‘I_—;- o HEUS, 90 trinngle 2 < 30,0, 90 -hiavah,

3N, l s QAJRM to
G =4S JS_I : Lo <o Lo%is Oe
_u:\’-"__-"f._._' | ¥ J\.{._{;._J 3 —.r.-\..
-i\-"r' ‘%\\ﬂ M g TV 14‘-,.-'\
' e Ls;__\..w__
o 0= 18034 S | 1\7

. 360-US A3/
QMQ 360 -US __._1 . 640

aad 6 = 360°~bU =300°

@ =l -{Lj.’J 3 _

¢)sinf = —?,-m < 6 < 360°

IS"mc Mg m Quasty T ad TX

-3 § roes ‘cf“"
= 30,L0, 90

B g ﬁ 51 o(()vﬁk 60°
N3 h <o éoo LS 99,

i

N
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= 1307 $0° ;”fi‘i()c
() = 360~ 6o L 200°




Example 3 —Determine the measure of 8, to the nearest degree, given

a) sin 8 =—0.8090, where 0° < 8 < 360° b)tan8 = —0.7565, where 0° < 8 < 360°
Cae 15 negahie in Quods Woand T - Honis ey inquads T and IV

QR . “‘Wﬂs atute, so o *F*\A . Bp = tun' 0ISLS
we need 4o s @,\’ sin0.8070 @R = 37.1°
9« L

“\‘-‘
o
EvAia

—Wq——w |
. 9*"\96—37‘] = |Lfl~q°‘/l'43”‘)

©=360-37) =322.9%323°

D= 8o+ fzgtﬁ\)
B oS AL,




7,5/— The Sine Law

So far, you have learned how to use trigonometry when working with right triangles.
Now, you will learn how to use trigonometry for oblique triangles (non-right triangles).

developing Draw an oblique triangle ABC and label the sides a, b, & c (opposite the respective
the sine law corresponding angles). Then, draw a line (call it h) from B to b, so that it is
perpendicular to line b.

Write a ratio for sinA, and then for sinC. Then, solve each for h.

Sin AT'% W= csin A
g\nc:% W= osnC

Since each ratio is equal to h, they must also equal one another.

cSiv\F\:ﬁg‘“\C/ so S Pt s_mc

i

oN c
oR
a_ _ <
sm A sw(C

By using similar steps, you can also show the same for b and sinB.

sine law For any triangle, the sine law states that the sides of a triangle are proportional
to the sines of the opposite angles:

a b o« . sinAﬁsinB_sinC
sind sinB sinC a b ¢




Example 1 — Solve for side AB and side BC to the nearest tenth.

< a 2 2
A
Ny dA=1%0"-115° 35"
R T <A =323 .
c T~ [Te findk side o (BC)
“‘\ S P — Sin }3(
1150 3;3\‘“~c b o
’ * snlIS°_ ¢in 30"
To_hird_side ¢ (AB) 73 a
A« R‘ . S C/
s_fl_):;“ > Si; 0\275(5‘“309) _ L‘-OBM
GinlIE S 35° S 1157 ==
93" <

C = 73(5“’\ 5S¢) =
Sin 1150 Lt?:lm

Example 2 - Solve for angle B to the nearest degree. Then find angle C to the
nearest degree and side AB to the nearest tenth.

A <B:
s,nﬁ( = 5'._(1%
a b
b=5cm “:’B sn l;Uu'.: SN 3
L =3

sinB= g(S:W) = 04876

<B= sin 04576 = 73.2°

e L} (shn 56-'7§3°)

o S P S

L= 18C-STU 73T | side AB is side c s

i 5w sut .
- . snhA = gnC L
L= §5b153 e T
A - ) = L” l+ o
<= &7 sin S _ sin GbJIS3 e
TS
information For oblique triangles, what is the minimum information needed in order to use the
necessary sine law to find new information?
;?n‘;s.i:\,he Think of <A and sike a as @ar{'ners . Same with {3 and L) and < asd ¢

‘%;D Wse sine yuw} (VAT Lr.—\u_;Jr [{‘r\gw 2vent H\u,:j aLouf‘ Ve S'e,,‘{ v {‘ {f’ fTr'TH‘-Qf‘S

5_6-@'@?&: a,m{ !;h:l P-\) :J,i\_c}, a“F ?HM{ lm[ 016" MO\HLer s-e"[' a(‘ r( ‘I'ﬁ.-cf‘s .




solving a
triangle

When solving a triangle, you must find all of the unknown angles and sides.
Example 3 — Sketch and solve the triangle {each answer to the nearest tenth).

< A =140°< C = 25°a = 20 =
‘\.'_'\g-o \'\\

Taventer iy * / R 1|
<A=Me| a=20 ( b=®1 |
X L= x o C= ER '
b\ﬂhgj S"' &= \n\_“ -
g for — p side ¢ :
A S‘ple b‘. “_‘;-ﬂA - -‘;.n(:,
I (& c'
wd <O A o s )
Lind <6 g‘%ﬂ = 5-%}-3 sm 40°_ sm2s”
180-140-2S \ o o
. Sin 1Yo’ _ sin 1S”
<g=1¥ 25 b ¢ = 2o (sin28%
5«‘0’ O’
L= 20(51115% - ,L” o
S 14O = 13,149 = 13-
b=80S=8.
Example 4 — Solve the triangle (round to the nearest wbcngﬁpl_meer).
<B=38,b=8a=6 S Zp=27° ‘*-x\\
( LC=W\§°
LA C:
lveatory =Ll LL-
S~ 5in B |§0°—38"-27.441
44= aaé? o -
<B-38" b= 8 cob <c= S0l
Le s E Siafl = g 3K LL=1%
b k'S ‘
S H: é !-Q\V\;}S:) ® 10{ ¢
2 s34 P o sin C
Sia ff = 0. 6] THE b c
pesict Qe s S BEosn TS
<A = :27; Ltqcl ¢ = i(:”_{‘_ U_‘_!..fcl_)
<A"_; 1—10 E31a) 3K




7. 6 —The Cosine Law

deriving
cosine law

cosine law

For right triangles, the trigonometric ratios sine, cosine, and tangent can be used to find
unknown sides and angles. For obligue triangles, sine law and cosine law must be used.

An effective way to work with obligue triangles is to imagine the angle and its opposite
side as ‘partners’. Thus, angle A and side g are partners, <B and b are partners, and <C
and c are partners.

In order to use the sine law, you must know one full set of partners and half of another
set. If you know only half of each set of the three partners, at least two of which are
sides, you must use cosine law.

Example — For each oblique triangle, state which law you would use.

a) x =30cm, y =28cm, z =32cm (b) <€ =27°, a =17m, ¢ =13m {c) <J =41°, k =16cm, p =14cm
| 1

3 halb parkvers 4} feast £l <t of pasimers 3 wolf parwess, af leash
'hﬁo o\o' whith ase sides ° SINE LAW Jwo ot wl'v(.l'\l’u‘ﬁ S;C‘L‘li
2 (PSINE LAW e CoSINE LAW
1. The cosine law can be developed by 3. Next, for AABD, write a Pythagorean
starting with oblique AABC and equation. Then FOIL (b — x)2. Can you see

drawing vertical line h from <B to side
b. Where h meets side b, call that
vertex D. Side CD can then be labeled

where a? can now replace a part of the
equation? What can you replace for x?

x, and side DA can be labeled b — x. W+ (o-)>= &
J?x hz. + bz—ZBx +xz=[/‘1—
LN
7o & W 4x® +bE-2bx = C*

¢ “\_-‘\“-‘ - \»\‘
o L .~ A TAY A
; = :

A>+b? - o e C=CF

2. For ABCD, find cosC and rearrange the C'l_—. o + W -2ab casC
equation to isolate x. Then write a )
Pythagorean equation for ABCD. CosINE Law !
tosC=F = x=atwsC

The cosine law describes the relationship between the cosine of an angle and the

lengths of the three sides of any triangle.
c? = a* + b* — 2abcosC
Cosine law can also be written as a? = b% + ¢Z — 2bccos A OR

b? = a? + ¢* — 2daccos B




Example 1 — Kohl wants to find the distance between two points, A and B, on opposite
sides of a pond. She locates a point C that is 35.5m from A and 48.8m from B. If the
angle at Cis 54°, determine the distance AB, to the nearest tenth of a metre.

= side
Aoas - - B
L:?)S‘Nl._ -"'f—i/i;g'; o’ +y" 20b s C
c 2= G8ST+(389)* -2(48.8)(35) oy TY

nventony C*= 3RI4Y +|2b025— 1236 .56
= ¢t = |b0S 13
<P1— 0> 48 .8m
{B= b =35 5w C=Jlbos. 13
<C=g4®  C= C= Uolm

2 halb [m%efs,_o:}' least =
Ywo of which are sicles

3. COSINE LAW

Example 2 — A triangular brace has side lengths 14m, 18m, and 22m. Determine the
measure of the angle opposite the 18m side, to the nearest degree.

'B 4= ¥ m
\v\:‘"‘, C

G/
A1

3 nalf ?u%‘neﬁ, all three are
Sides . (osiNE LAW

Nzed 4 solve for <A
o=hi+ct _2hecosA

|8%= 22"+ iqz-ztzz)()q) o ¥
324 =4Y + 196 - blb cosA
324> (%0 —blb cos A

5% - (€0

=386 = -'(_. | é‘ (ps (‘\
TR AT
05779 = (os f

L= o 0STT792 ;5:__2



Example 3 —In AABC, a = 29cm, b = 28em, and <C = 52°, Sketch a diagram and determine
the length of the unknown side andthe measures of the unknown angles, to the nearest

using
cosine law
& sine law tenth.
A
2/ B
C” e
Hp= a2 To fad <A Ty
= b=2g ol —
ég:sr T b ae L 180%-52"— 66 1°
Y \\k\{: Pa.r“ne‘S)‘ﬁWo (U?,Stde/_\ :i‘-'-‘—ﬁ = cm‘: : 4?) = C:ul “ )
x )_3 -
oo COSINE LAW
Sin A’M
AY

¢ =02 +b*-2ab (s C
= (20 (281 -2(9)(28)cos 52°
(=941 +784% - 499.934

= bIS.1bb

c= (G5 k6

C: - ?K cw

———

—é‘-ﬂ’

Sin ﬂ: ‘Oq 14
(Ar»ﬁn" 0.914

= bol”
=




