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5,] .~ Radical Operations M&H
Example 1 — Simplify
a) 42 b) 162 gViE  d)22 e 8  HiE
=4W = [ S =C2)(i)(2) = B\F =2
=& = 4 =,

What is the relationship between a, b, c? What is the re!atlonsh;p between d e £
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RADICAL EXPRESSION

If x™ = a,then x = “;: :""0L =2 and n=3

“ Hn2?<8 and 83 =2
If 'a’ and x are real numbers and n is a positive integer, then x is an

1
th rootof 'a’ (lex =an=Ya) ifx"=a

n

nt? root theorems:

1) If a is positive and n is even, then there exist TWO real nt" roots.

Example 2 — Solve for x

a) x2 =16 b) x% =11 c) x* =81 d} x*=5
f=ffn‘5 He=x0r ‘ir‘*_ 4 Iyt= Y5
fmew T ggges e
__“_"jl-r__,# x= - x=—5i=-3 1; -E

i b, bl e

Ye *= )i FR=gAs) (@8l Ry e(4E) =S
ond (9= 12=10

2) If a is negative and n is even, then there are NO real number solutions.
Example 3 —Solve for x

a) x2 =-28 b) x*=-7
x = *J-2s x= "7




3) f nis odd, then there is ONE real n*" root of a.
Example 4 — Solve for x

a) x3>=18 b) x3 = =8 0) xS
ek wE T
=2 x= 2 x- ¥

(D))= 8 (DHE)D=-8 Gy = -

4} if @ is zero, then there is ONE real n*” root of a, and it is ZERQ.
Example 5 - Solve for x

a) x2=0 b) x5 =0
1=t x= ¢/o
=0 X=0

Radical Properties from Math 10:

1 pr—
1) an = Ya as discussed in above notes

m 1 . 3 L3 3
2} am = (an)™ = (Va)™ Example: 162 = &JE ‘ (2) 3

m
1

3) a

) : R I B
Mo y-mo L Y e T e Tl o

= (an)™™ = (Vo)™ = e Example: 2773 7% (’rﬁl 3* 9
nla _ Va _3’2 B 3_'{1"1 3

4) \/%——-—% Example. = {@ZMH

5) Yab =Va-Vb Example:viZ = J#3 =¥4¥-Jz =23 2 2/3




absolute
value

Radical
Review

Absolute Value is “how many jumps the number is from zero”. Stated another way, it is the
distance from zero on the number line, regardless of direction. Distances are always POSITIVE
values. 3 is 3 jumps from zero, so the absolute value of 3, or 13| =_3 . —3is3 jumps
from zero, so |[-3| =_3_. Soif|x| = 3, x could have been 3 OR_—3 . For every absolute
value solution, there is a positive and hegative possibility.

Example 1 - Evaluate

5| b) |7 g 1-034  d) [ e) |63
= =~ =03 Y -1
5 7 O34 < £ L3
Example 2 - What are the possible values of x?
a) |x|=6 b) |x|=97 c) |x] =—
=X x= x4 x=¢
Example 3 - Idennfy and define all parts of the radical, then simplify:
U“L H\df?\
Lut‘(’\/‘
5\/-8 = 5(2) =40
¥kﬂl,lcu-‘ N (t{dlUL

Roots of Pos;ti{/e Powers of x:

Case 1: When x = 0 in vx™ with n a positive integer.
The square roots of negative numbers are undefined in the set of real numbers. Therefore, if

x = 0, simplification is easier to realize.
For example:

e - Yar -
Va3 = [emx = x{x, | V3 = Y = X

Vit = [ = X* Vet = Yorxd~x = )L/_
Va5 =[x (@0 = =x*[xC, Ut = /m= X X
Vab = [[9E10E0 = X 356 = Y0 brxx) =

Example 4 ~ Simplify. Assume all variables represent positive numbers

a) J16y2 b) 3 c) /25x3y3z2 d) 3/8x yo e) 3/27x3yb

:JW m J5s0x -y y(zd 1 f“(“")fiw)‘dtfj’
< Lhﬂ
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4. % — Simplifying Radicals

Radicals can be written as fractional exponents, as learned in Math 10.
1 1 1
Examples: V2 = 2z Vx =x3 Generally: ¥Ya = an

Three Important Relationships of Radicals, all from Math 10:

wiH

1
1) ¥Ya” = a, a = 0 because Va™ = (a™)» = a Example: Vs52= § =5

1 1 1
2) ¥ab = Va x ¥b, a,b > 0 because Vab = (ab)n = an X bn = Yax Vb

Na
o

18-

mje o Y nfa_ ol _an_
3) ;——%,azo,b>0because \/;_.(b)_ =

2Bir

b
Simplifying Expressions Containing Radicals
Example 1 -Simplify +20 Two Methods:
@ J;:;; f 20
v i H ,S B W L!‘ " S
= J2.2-8

. Ie

= 2J5

It is beneficial to know the perfect squares up to 144, perfect cubes up to

125, and perfect fourths up to 81.
PS:z 1,4 9,16,25,36, 19, b, 81, leo, 21, 14y

PC > 1,824,128
p.F ¢ i, 16,81

|

Example 2 ~ Simplify

a)V/8 b) /27 c} 3v52 d) ¥24 e 5381 f) V32 |
-3 3 =3 =33 =5-Y3 Y2
AEE! =[@-J3 3 WAB LagaE = s mT YR = yms
=203 =3f3 =3




Example 3 — Simplify (assume variables are positive)

a) /18x3y® b) /63n7p* ¢) /3228y d) Y40a?btcts
E=jﬂ'2.'11'1 ”j(; = 'q '7'!’\"(\ PH } Ibfz)[,g:j’otj :73& 6\30\ hébIClr

CaeplTE T Tyl T 2ave Ve

o) V5aaSpm ) Ym’ g) Y162x3y1125 -
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Changing Mixed Radicals to Entire Radicals
Example 4 — Change to Entire (assume variables are positive)
a) 43 b) 3V5 c) 2V7 dj —2xvéx
#5330 29[ qodm
e e £ ) e
: 1 5 2
163 7 187 _ .
e £ = = [ x?
s Jis 56
e) x3/x f) 3a%b Vb2c g) 3% y 2 [2xy2
5 , i
y SENED 36k “Jb%e
By, szT[

JaF I J2Tak? e
il 37 xy
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= _ ?/?erf_- ~‘5
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5. 3 .— Adding and Subtracting Radical Expressions

v Like Radicals ‘Like Radicals’ work very similar to ‘Like Terms’.
Simplify: 3x +2x = 55
Simplify 3VZ+2vZ = 5%

Like radicals have the same index MMJ same rf{e{t\cani

Steps for adding & subtracting like radicals:-
@C\\ec\t F radicals areMike! £ not, do any s}MPI{A’iAﬁ
@ A or cubtract coeficients | feave radicals the same.

Example 1 - Simplify

a) 7vV3 - 243 b) =510 — 6¥/10 c)4v2 - 532
; - il “annat
5J3 3o P
d) 275 + 33 e) —v27 + 3v5 — /80 — 2v/12
2253 + 343 -2J2+3]5 45 -u4J3
1303

f)v9b — 3416b, b =0

36~ 12Jb
In example f, why does b have to

. >

= OIE 5 b= 0 be greater than or equal to

zero? VE 11 vies nejuhve, the
ﬁlAA‘tCﬂ-\fiS wo'\.«.‘d beome

ne%a?ﬁ e




Example 2 — Simplify-

a) [27xy + [8xy : b) 4316 + 354
3 (3zy *+ 2| 2y g2 +9%Z
- =) ] 32
c) 3x,/63y ~ 5/28x%y; y =0 d) 23/16x%y5 — xy3/54xy?
-10% [Ty9- p— o
QIHB_ 10xXJTy ‘g)Ixth ~—3)Lj 7273—
_— m = ng 3,_2__131 _ij i Z)“jl

= 213 yz—"’—‘j?



5 4A - Multiplying & Dividing Radical Expressions

" multiplying
radicals

Example 1 - Multiply 2vV5 (3\[5) Verify your answer: 2\/3‘ (3. J?)
= 2-J5 -3-J5 '

- 2 . 3 . J"E . J_s: " (‘1‘-‘1‘72)(6.708)

= 4‘45"5‘ =é‘{7=é(g>:3o ':;O /
“Te muitiply radicals: -

0 MU\’riplg (_',i:(.’f‘ﬁ(kﬁi\-h‘

@ Ml adicaids (i index s Ahe same)
@ g] M F\lgn

msenes: (') (4T
= )y alb

Whi’d'?f oS & na‘!‘v_s c-l N be” a.u?l i, :‘J VO L) Qe
n*_,-u-| niembers. IF nis even, 420 a~d bz o

Example 2 - Simplify:  a) 5V3 (v6) b) 2v/6 (4+/8)
X = gm = gum-g-
= ISJ—I— = 32\[37
m
¢) —3V2x (4V3x) x =0 d) —2¥11(4V2 - 3V/3)
—12[ex? -8 + 6323
125
e) (4V2 +3)(V7 - 5v14) FolL f) (Vx+ 3y (Va2 = 3fxy + Yy2)

41 <2018 +307 —1sd% A g i - 0T
w7 -4od 7 +3TISE ey —
-3 1T



dividing
radicals

Example 3 - Divide E% Verify you}' answer: I;J_l_l - 20.785
| 3{6 7. 34k
= 212 = 2.828

To divide radicals;, @ DlViD{Q C,OE’P(‘\UQT&S (Sam wf Z‘f—)

O @Dmde fC{[.L[uLl’ldS (l’ﬁ MU{EX %‘QMWJ
® S’MP“’% ‘Ffp'asmtlg

in general: lﬁ _oxa W(\H" Same s%‘ pl_da_;");w\b VA
) % Mul%‘pla\\«j m.lahcmh
ebot g0, bro (sob>0)

~24 V1 25 3
Example 4 - Simplify: a) BiJ\;ﬁ by 'ZV,'; c) %,x >0
=
-3 i 7 2,} 1‘7 é.ll

- x[E

Multiplying & Dividing Terms with Different Indices

Example 5 — Simplify \/2 x3 ("VJ“C) , x>0

-3 Bl x5 w2 Ji
. S A I,.; 32 T
A
] )L‘
- 6,’1"
6
= x =
Example 6= Slmphfy‘z; x>0
2_‘ 2 3 _Lxl _ 1
AT X3 . 3, &
»3
€Z
= )Cl—
: 3
. o= X - xR




=
Jo L/ B-— Rationalizing the Denominator

rationalizing
the
denominator

A final answer cannot have a radical in the denominator. Therefore, you may have
to ‘rationalize the denominator’ — a process that will eliminate the radical from
the denominator without changing the value of the expression.

Example 1 - Rationalize: a) \/,_ 1_5: )f

If the denominatoris a

radical monomial, = 3.{— = _@ ﬁ
multiply the numerator 5 J—T_ J7
and denominator by e
that radical. = —;’/—Et

d \/E P iy
. i

o 13_ - (@L = “}50&0 </
3@ (%fr‘-ﬂL 103

- g ‘*(us g .r. 2t
Y
5x}/8
Jjox?
= *ﬁ?
2x

3
Example 2 — Rationalize: 3) T

If the denominator is a

radical binomial, _*3‘__.»(‘[;: l)
multiply the numerator  [x -2 (J* #2)
& denominator by its
conjugate. 2[x+¢
. z-20e42T -
whs“jﬁ*’t OF
-2 w2 3x+b

¥ -4

, 605 4y 295 - (ST))'
¢) 75 *[5 )35 33§ « U—)
7(5) 2(6)
= é_f_g.' - (3 \*
35 - im
. B
9
) 2« X%
&) rt - m
2 J7+t
X+l

2+VZ (3{5+4)
3V5-4 (3[5 +14)

{5 +8+3f0 + 42

A(5) -1205 +1275 &
615 +350+ Y2 48
oHs—

2

b)




Ja+\2b =
c) o ab=0

Ja +{2b (YT J73).
J& -Jz6 (V& + 71)

w aq—]lai +m+lb
C a-fiak +Jzel ~ 2b

o+ 2{2ab +2)
A -2, !

i

a#Lh

Example 3 - Simplify

a) 6\/E.,x> 0
4x

3
x

%

—_

*s':f\'

it

(8
£,

W

S}d?u
I3 &

9
b

B

N

Y]

- 10305

~7 {;fml 5

270 - (I%)

= e |-

2(4p) .

= = ({fr{'}._-[f)l
18p

= 'lt_@)
1%p

| ¥

Example 4 — The surface area of a sphere is § = 4mr?. If the surface area of the
sphere is 144 mm?, what is the radius?

44 = Yae® I

> = Y r=

Hr . __(_L'Jr

(2= 36 U
TL

bl

_ ==

rr_,sw‘f e \'\bj&hw’

r m{t'«)'
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5,5 —Radical Equations

Radical Equations are mathematical equations that include a radical, such as:

24/6x —1 = 11. Ifthe index of the radical is even, there are restrictions on the
variable. Since it is not passible to find the square root of a negative number, the
radicand cannot be negative.

Example 1 — Find the restriction on the variable:

“a) 2Vex—1=11 b) Vx + 2 = 49
tx =20 X+2 =0

x?% 5 @ lx;——zl

c) 74/—2x +3 =35 d) V3x+4=+2x—4

-2%+3=20 T =0 9oy 420
Exf ﬂj\ 227 gz
2 % x? ‘% XZ L
So 'J(_,?,')_l as dl\j'”\r'\j L-ciwu.\
Steps to solving radical equations: ;31. E,}fjr ?MW;.EJJI::I&D.

1. Find the restrictions on the variable in the radicand ({if the index is even).
Remember, the radicand must be set to > 0 and then salved (if you multiply
or divide by a negative number to both sides, FLIP the inequality).

2. Get the radical all by itseilf on one side of the equation.

3. Iftheindexis 2, square both sides {if index is 3, cube both sides, etc.) and
then solve for the variable.

4. See if the solution if affected by the restriction.

5. Check the answer using the original equation to see if solutions are valid or

extraneous.
Example 2—Solve a) 2v6x —1 =11 b) —8 +\/£= 2
+8 5 4y

2]z - %l_'l i;i % -lo B30
%“‘_;“ i 2 -1 =1 f3) = 108 2Z°
v &)= 10 e
ox =6 25t -1 =N i et
D=6t 2(s) -1 =) 2Y = oo =
(Zx ) b ey ST a2
b =36 12 . g
' 3, = SOC
v = S/ b/ coo —8tJ1eo 72

-8 +l0s2



W}'\&#\ uau lﬂW‘t, :

jusha vugiead
61 ane side, and
Just & neguhive
Lanshunt on the
°‘h'\er1 Yhare are
N ofutloag !

Example 3 - Solve a) i‘+ Vv2x—-3 =1
= “i

2;;%2?;0 h _J'Z'Jral = -3
=t
Check.: 2x-3 =9
' Jx=12
L{+m . , :____._é
443 =) NosLUmoNs

X

Example 4 - Soive

a) ‘\m = 3,\/’5

Cx—-120

{o
e

([on)-GI=)

x 20

>

Chock:

o1 = 347
73 =37
a3 =3
77 = 37

ok -y
-5 =-%
ND SeluTio NS

Restric : P_C?”bg J

b) 2Vx =V7x+6

Tx+62 0
Xz

e =
o |x 2ol
(@45 = [t
Yy = 7x +6
3y =b
x= -2 l |
does V\0+ S'a‘}"llS\L'j -.'e.rrr'ic{\m\ ]
Cheek
2072 = Ji2D e
272 =%
A

Ng SoLuTtoNS

X Zo



